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Abstract. We give a new estimate for the solution to the Schrodinger equation with
potentials V (x) = jxj2 on the Winer amalgam spaces.
1. Introduction
We shall give a new estimate for the solution to the Schrodinger equation
(1.1)
(
i@tu+Hu = 0; (t; x) 2 RRn;
u(0; x) = u0(x); x 2 Rn
in the framework of the Wiener amalgam spaces. Here i =
p 1, u(t; x) is a complex
valued function of (t; x) 2 R  Rn, u0(x) is a complex valued function of x 2 Rn and
@tu = @u=@t, and we shall highlight the case H =
1
2
 or H = 1
2
(  jxj2) with u =Pn
i=1 @
2u=@x2i .
There are a large number of works devoted to study the equation (1.1). Particularly,
in the context of the Wiener amalgam spaces W p;q (or the modulation spaces Mp;q),
these types of issues were initiated in the works of Benyi-Grochenig-Okoudjou-Rogers [1],
Wang-Hudzik [14] and Wang-Zhao-Guo [15], and these works have been developed by a
number of authors using a large variety of methods (see, for example, Benyi-Okoudjou
[2], Kobayashi-Sugimoto [10], Miyachi-Nicola-Rivetti-Tabacco-Tomita [11], Tomita [12],
Wang-Huang [13], and the papers [3], [4] cited below). The precise denitions of the
Wiener amalgam spaces and the modulation spaces will be given in Section 2, but the
main idea of these spaces is to consider the space variable and the variable of its Fourier
transform simultaneously.
Concerning the Wiener amalgam spaces, the following theorem is known.
Theorem A (Cordero-Nicola [3], [4]). Let 2  p  1, 1=p + 1=p0 = 1 and '0 2
S(Rn) n f0g.
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holds for all u0 2 S(Rn).








j sin tj2n( 12  1p )
ku0kW p0;p'0
holds for all u0 2 S(Rn).
(iii) Suppose H = 1
2















holds for all u0 2 S(Rn).
In (i); (ii) and (iii), u(t; x) denotes the solution of (1.1) with u(0; x) = u0(x).
The main purpose of the present paper is to give a renement of Theorem A. More
precisely, we give an estimate for u(t; x) with u(0; x) = u0(x) 2 W p;q'0 (Rn), 1  p; q  1.
For the purpose, we introduce the function space W p;qN , which is a generalization of M
p;q
and W p;q (see Denition 2.2 below). The next theorem plays an essential role.
Theorem 1.1. Let '0 2 S(Rn) n f0g.
(i) Suppose H = 1
2
. Then
jV'(t;)(u(t; ))(x; )j = jV'0u0(x  t; )j
holds for u0 2 S(Rn):
(ii) Suppose H = 1
2
(  jxj2). Then
jV'(t;)(u(t; ))(x; )j = jV'0u0(x(t); (t))j
holds for u0 2 S(Rn), where
x(t) = x cos t   sin t; (t) = x sin t+  cos t:
(iii) Suppose H = 1
2
( + jxj2). Then
jV'(t;)(u(t; ))(x; )j = jV'0u0(x(t); (t))j
holds for u0 2 S(Rn), where
x(t) = x cosh t   sinh t; (t) =  x sinh t+  cosh t:
In (i); (ii) and (iii), u(t; x) and '(t; x) denote the solutions of (1.1) with u(0; x) = u0(x)
and '(0; x) = '0(x). Moreover, V'0u0 and V'(t;)(u(t; )) denote the short-time Fourier
transform of u0 and u(t; ) with respect to the windows '0 and '(t; ), respectively (see
Section 2:1).
We remark that Theorem 1.1 also gives the key estimate
ku(t; )kW1;1'0  C(t)ku0kW 1;1'0
to prove Theorem A (cf. [8, loc. cit.]), and the results in (i) and (ii) of this theorem were
already announced in Kato-Kobayashi-Ito [8], [9].
As a consequence of Theorem 1.1, we have the following estimates.
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Corollary 1.2. Let 1  p; q  1 and '0 2 S(Rn) n f0g.
(i) Suppose H = 1
2
. Then
ku0kW p;q'0 = ku(t; )kW p;q'(t;);A
holds for all u0 2 S(Rn), where A =

In On
t  In In

2 GL(2n;R).
(ii) Suppose H = 1
2
(  jxj2). Then
ku0kW p;q'0 = ku(t; )kW p;q'(t;);B
holds for all u0 2 S(Rn), where B =

cos t  In   sin t  In
sin t  In cos t  In

2 GL(2n;R).
(iii) Suppose H = 1
2
( + jxj2). Then
ku0kW p;q'0 = ku(t; )kW p;q'(t;);C
holds for all u0 2 S(Rn), where C =

cosh t  In sinh t  In
sinh t  In cosh t  In

2 GL(2n;R).
In (i); (ii) and (iii), u(t; x) and '(t; x) denote the solutions of (1.1) with u(0; x) = u0(x)
and '(0; x) = '0(x). Here GL(2n;R) is the group of all invertible real matrices of order
2n. Moreover, In and On denote the n  n identity matrix and the n  n zero matrix,
respectively.
We observe that the result in (ii) implies that the operator eitH , dened by u(t; x) =
eitHu0(x), preserves the W
p;q-norm (and Mp;q-norm) if p = q. In fact, since detB = 1, we
have by the change of variable that
ku0kW p;p'0 (= ku0kMp;p'0 ) = ku(t; )kW p;p'(t;) :








 and ku0kW p;q'0 = u(2 ; )Mq;p
'(2 ;)
:
Using this and the fact that W p;q = FM q;p 6 M q;p for general p and q, we have the
assertion.
2. Preliminaries
The following notation will be used throughout this article. We write S(Rn) to de-
note the Schwartz space of all complex-valued rapidly decreasing innitely dierentiable
functions on Rn and S 0(Rn) to denote the space of tempered distributions on Rn, i.e.,
the topological dual of S(Rn). The Fourier transform is dened by bf() = Ff() =R
Rn







for 1  p < 1 and jjf jjL1 = ess: supx2Rn jf(x)j. We use the notation I . J if I is
bounded by a constant times J , and we denote I  J if I . J and J . I.
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2.1. Short-Time Fourier Transform. We recall the denitions of the short-time Fourier
transform and its adjoint operator. Let f 2 S 0(Rn) and  2 S(Rn). Then the short-time
Fourier transform Vf of f with respect to the window  is dened by




Let F be a function on Rn Rn and  2 S(Rn). Then the (informal) adjoint operator
V  of V is dened by
V  F (x) =
ZZ
R2n
F (y; )(x  y)eixdyd
with d = (2) nd.
If f;  2 S(Rn), then Vf 2 S(R2n) ([7, Theorem 11.2.5]). For f 2 S 0(Rn) and
 2 S(Rn), Vf is a continuous function on Rn Rn and
jVf(x; )j  C(1 + jxj+ jj)N for all (x; ) 2 Rn Rn
for some constant C;N  0 ([7, Theorem 11.2.3]). Moreover, for ;  ;  2 S(Rn) satisfy-




 Vf = f; f 2 S 0(Rn)
([7, Corollary 11.2.7]) and the pointwise inequality
(2.1) jVf(x; )j  Cjh;  ij(jV f j  jVj)(x; ); f 2 S
0(Rn);
for all (x; ) 2 R2n ([7, Lemma 11.3.3]).
2.2. Modulation Spaces and Wiener Amalgam Spaces. We review some basic facts
concerning the modulation spaces and the Wiener amalgam spaces which will be needed
in the following section.
Definition 2.1 (Feichtinger [5], [6]). Let 1  p; q  1 and  2 S(Rn) n f0g. Then
the modulation space Mp;q (R
n) = Mp;q consists of all tempered distributions f 2 S 0(Rn)











is nite (with usual modications if p =1 or q =1). Furthermore, the Wiener amalgam
space W p;q (R












is nite (with usual modications if p =1 or q =1).
The space Mp;q (R
n) is a Banach space, whose denition is independent of the choice of
the window , i.e., Mp;q (R
n) = Mp;q (R
n) for all ;  2 S(Rn) n f0g ([6, Theorem 6.1]).
This property is crucial in the sequel, since we choose a suitable window  to estimate
the modulation space norm. If 1  p; q < 1 then S(Rn) is dense in Mp;q ([6, Theorem
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6.1]). We also note L2 = M2;2, and Mp1;q1 ,! Mp2;q2 if p1  p2; q1  q2 ([6, Proposition
6.5]). Let us dene byMp;q(Rn) the completion of S(Rn) under the norm k  kMp;q . Then
Mp;q(Rn) = Mp;q(Rn) for 1  p; q < 1. Moreover, the complex interpolation theory
for these spaces reads as follows: Let 0 <  < 1 and 1  pi; qi  1; i = 1; 2. Set
1=p = (1   )=p1 + =p2, 1=q = (1   )=q1 + =q2, then (Mp1;q1 ;Mp2;q2)[] = Mp;q ([6,
Theorem 6.1], [13, Theorem 2.3]). We refer to [6] and [7] for more details.
We also remark that
jVf(x; )j = (2) njVb bf(; x)j
by Parseval's formula. Thus
kfkW p;q = k bfkMq;pb  k bfkMq;p = kfkFMq;p
and we have W p;q = FM q;p. This implies that the denition of W p;q is independent of
the choice of the window, since the modulation space M q;p is independent of the choice
of the window. For the same reason, W p;q has other properties similar to those of Mp;q.
2.3. Function Space W p;q;N . Now, we introduce the function space W
p;q
N , which is a
generalization of Mp;q and W p;q.
Definition 2.2. Let 1  p; q  1 and  2 S(Rn) n f0g. For N 2 GL(2n;R), we dene
the space W p;q;N (R




f 2 S 0(Rn)











(with usual modications if p =1 or q =1).
Obviously, we have
W p;q;N (R
n) = W p;q (R







n) = Mp;q (R






In addition, we have W p;p;N (R
n) = W p;p (R
n) = Mp;p (R
n) for 1  p  1 and N 2
GL(2n;R). We can easily prove some basic properties similar to those of Mp;q. For
example, we have the following.
Lemma 2.3. Let 1  p; q  1, ;  2 S(Rn) n f0g and N 2 GL(2n;R). Then we have
kfkW p;q;N  kfkW p;q ;N
for f 2 W p;qN (Rn).
Proof. Applying the inequality (2.1) in Section 2.1, we have
jVf ((x; )N ) j . 1jh;  ij(jV f j  jVj) ((x; )N )
 1jh;  ij
ZZ
R2n
jV f ((x  y;    )N ) j jV ((y; )N ) jdyd;
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where the last  follows from the change of variable (y; )! (y; )N . Hence, we have
kfkW p;q;N = kVf ((x; )N ) kLqLpx
. 1jh;  ij
ZZ
R2n
kV f ((x  y;    )N ) kLqLpx jV ((y; )N ) jdyd
=
1
jh;  ijkfkW p;q ;N kkW 1;1;N :
We note that kkW 1;1;N <1, since V 2 S(R
2n) and detN 6= 0. Interchanging the roles
of  and  , we obtain the desired result.

3. Proof of Theorem 1.1
Proof. We shall prove only (iii), because we can treat (i) and (ii) in the same way as
(iii).
Let u(t; x) and '(t; x) be the solutions of (1.1) with H = 1
2
( + jxj2), u(0; x) = u0 2



















y'(t; y   x)u(t; y)e iydy +
Z
Rn






'(t; y   x)u(t; y)e iydy
= V 1
2
'(t;)(u(t; ))(x; ) +







i@tV'(t;)(u(t; ))(x; ) = V i@t'(t;)(u(t; ))(x; ) + V'(t;)(i@tu(t; ))(x; )
and








'(t; y   x)u(t; y)e iydy +
Z
Rn




'(t; y   x)u(t; y) x  y e iydy
=  jxj2V'(t;)(u(t; ))(x; ) + Vjj2'(t;)(u(t; ))(x; ) + 2ix  rV'(t;)(u(t; ))(x; ):
As u(t; x) and '(t; x) satisfy (1.1), we have
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= V'(t;)

i@tu(t; ) + 1
2
( + j  j2)u(t; )

(x; )
  V[i@t'(t;)+ 12 (+jj2)'(t;)](u(t; ))(x; )
= 0:
Hence the initial value problem (1.1) is transformed via the short-time Fourier transform
with respect to the window function '(t; x) to
(3.1)
( 
i@t + i(  rx + x  r)  12(jj2 + jxj2)

V'(t;)(u(t; ))(x; ) = 0;
V'(0;)(u(0; ))(x; ) = V'0u0(x; ):
By the method of characteristics, we have
jV'(t;)(u(t; ))(x(t); (t))j = jV'0u0(x0; 0)j;
where
x(t) = x0 cosh t+ 0 sinh t and (t) = x0 sinh t+ 0 cosh t:
From this, we immediately have the desired result.

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